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W-algebras at the critical level 
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Abstract. Let g be a complex simple Lie algebra, / a nilpotent element of g. 
We show that (1) the center of the VK-algebra W"'(g, /) associated (g, /) at 
the critical level coincides with the Feigin-Frenkel center of g, (2) the centerless 
quotient "W^lg, /) of W'^'''(g, /) corresponding to an ^g-oper x on the disc is 
simple, and (3) the simple quotient Wj(.(g, /) is a quantization of the jet scheme 
of the intersection of the Slodowy slice at / with the nilpotent cone of g. 

1. Introduction 

Let be a complex simple Lie algebra, / a nilpotent element of g, C/(g, /) the 
finite W^-algebra |P1| associated with (fl,/). In |P2j it was shown that the center 
of U{q, /) coincides with the center Z{g) of the universal enveloping algebra [/(g) 
of g (Premet attributes the proof to Ginzburg) . 

Let W'^isJ) be the (affine) W -a lgebra ^Fsj IKRWL [KW] associated with 
(g, /) at level fc e C. One may |A3l IDSKj regard W^(g,/) as a one-parameter 
chiralization of U{g,f). Hence it is natural to ask whether the analogous iden- 
tity holds for the center Z{W^{2, f)) of W^(g,/), which is a commutative vertex 
subalgebra of W^(g, /). 

Let V''{q) be the universal affine vertex algebra associated with g at level k, 
Z{V''{g)) the center of ¥'"{3). The embedding Z(y''{g)) F'=(g) induces the 
vertex algebra homomorphism 

Z{V''{q))^Z{WHqJ)) 

for any £ C. However, both Z{V''{q)) and Z(W'^(g, /)) are trivial unless k is the 
critical level 

cri := — /i^, 

where ft.^ is the dual Coxeter number of g. Therefore the question one should 
ask is that whether the center Z(W'^"{q, f)) of the W^-algebra at the critical level 
coincides with the Feigin-Frenkel center |FF4l IF1| 3(g) := Z(y"'(g)), which can 
be naturally considered as the space of functions on the space of Op'^^ of ^g-opers 
on the disc. Here ^g is the Langlands dual Lie algebra of g. 
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Theorem 1.1. The embedding 3(g) ^ ^^'^"(fl) induces the isomorphism 

3(0)^Z(W"-'(0,/)). 

Moreover, W'^"(g, /) is free over^(g), where ^(g) is regarded as a commutative ring 
with the {—1) -product. 

Theorem 11.11 generalizes a result of Feigin and Frenkel jFF4| , who proved that 
3(g) = W^'^^{g, /prin) for a principal nilpotent element /prin of g. It also generalizes a 
result of Frenkel and Gaitsgory |FG) . who proved the freeness of V^'^"(g) over 3(g). 

Let G be the adjoint group of g, § the Slodowy slice at / to AdG./, TV the 
nilpotent cone of g. Set 

S = SnM. 

It is known |P1] that the scheme S is reduced, irreducible, and normal complete 
intersection of dimension dim A/" — dim Ad G.f. 

For X & OPf-'^B ' I'^t "^x"(flj /) be the quotient of W^'''(g, /) by the ideal generated 
by z — x{z) with z £ 3(g). Then any simple quotient of W"'^{q, /) is a quotient of 
'W™(g, /) for some x- 

Theorem 1.2. For x G Opi!^^; the vertex algebra 'W^(g,/) is simple. Its associated 
graded vertex Poisson algebra grW^(g, /) is isomorphic to C[Soc}] o,s vertex Poisson 
algebras, where Soo is the infinite jet scheme of S and C[Soo] is equipped with the 
level vertex Poisson algebra structure. 

Theorem I 1 . 2 1 generalizes a result of Frenkel and Gaitsgory [FGj . who proved the 
simphcity of the quotient of V^'^'''(g) by the ideal generated by z — x{z) for z G 3(g)- 

In the case that / = /pj-in we have Wp,,(g, /prin) = C |FF4) . while 5 is a point, 
and so is Soo. Theorem 11.21 implies that this is the only case that W'^'''(g, /) admits 
finite-dimensional quotients. 

In general little is known about the representations of 'W^"{g,f). We have 
shown in |A4j that at least in type A the representation theory of W^(g,/) is 
controlled by that of g at level k for any fc G C. Therefore the Feigin-Frenkel con- 
jecture (see |AF] ) implies that, at least in type A, the character of irreducible high- 
est weight representations of W'^'''(g, /) should be expressed in terms of Lusztig's 
periodic polynomial |Lusj . We plan to return to this in future work. 

2. Associated graded vertex Poisson algebras 

For a vertex algebra V, let {PPV} be the Li filtration [Lij . 

giv ^^ppy/pp+W 

p 

the associated graded vertex Poisson algebra. The vertex Poisson algebra structure 
of grV restricts to the Poisson algebra structure on Zhu's Poisson algebra jZhu) 

Rv := V/F^V C giV. 

Moreover there is a surjective map 



(1) 
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of vertex Poisson algebras [El IA5| . Here Xy — Spec i?y, {Rv)oo — C[{Xv)oo], 
where Xoc denotes the infinite jet scheme of a scheme X of finite type, and {Rv)oo 
is equipped with the level zero vertex Poisson algebra structure |A5[ 2.3]. 

Let 'D'^^{'C^) be the jS^ -system of rank r, that is, the vertex algebra generated 
by fields ai(z), . . . , ar{z), aj(z), . . . , a*(z), satisfying the following OPE's: 

ai{z)aj{z)* ^ — — — , ai{z)aj{z) ^ a*{z)a*{z) ^ 0. 

It is straightforward to see that R-pch^f^r^ = C[r*C''] as Poisson algebras and that 
([T]) gives the isomorphism 

(2) (i?pc.(c.))oo ^ grP='^(Cn. 

Let g, / be as in Introduction, rkg the rank of g, ( | ) the normalized invariant 
bilinear form of g. Let s — {e, /i, /} be an sl2-triple in g, and let g^ = {a; G g; [h, x] — 
2jx} so that 

(3) g = g,. 

Fix a triangular decomposition g = n_ © t) © n such that /i G 1] C go and n C g>o '■— 
0j>o Bi- ■^ill identify g with g* via ( | ). 

The Slodowy slice to AdG./ at / is by definition the affine subspace 

§ = / + g"^ 

of g, where g"^ is the centralizer of e in g. It is known |GG) that the Kirillov-Kostant 
Poisson structure of g* = g restricts to S. 

Let I be an adf)-stable Lagrangian subspace of gi/2 with respect to the sym- 
plectic form gi/2 x gi/2 C, {x,y) ^ {f\[x,y]). Set 

m = £®0gj, 

and let M be the unipotent subgroup of G whose Lie algebra is m, = {a; G 
Q;{x\y) — for all y G m}. Then |GG) we have the isomorphism of affine varieties 

(4) A/xS-^Z + m-^, {g,x) ^-^ Ad{g){x). 
This induces the following isomorphism of jet schemes: 

(5) A/oo X Soo ^ (/ + m^)oo. 

Denote by / and loo the defining ideals of / + m-*- and (/ + m^)oo in g and goo, 
respectively. By (jH) and ([5|) we have 

C[§] - (C[g]//)^^ C[§oo] = (C[goo]//oo)''^~. 

Let 

Q[t,t-^](BCK®CD 

be the affine Kac-Moody algebra associated with g, where K is the central element 
and D is the degree operator. Set g = g[i, t^^] © CK, the derived algebra of g. 

The universal affine vertex algebra V^'^(g) associated with g at level fc G C is the 
induced g-module U{Q)(S)u{g[t]QCK)'Ck, equipped with the natural vertex algebra 
structure (see e.g. jKac^ IFBZj ). Here Ck is the one-dimensional representation of 
Q[t] ©CisT on which Q[t] acts trivially and K acts as a multiplication by k. The Li 
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filtration of V''{g) is essentially the same as the standard filtration of U{g[t ^) 
under the isomorphism U{Q[t^^]t^^) ^ ^'{q), see jA5| . We have 

(6) - C[0l 
and ([T]) gives the isomorphism 

(7) ClQU^g^VHd) 

of vertex Poisson algebras. Let 3(0) be the Feigin-Frenkel center Z{V''"{g)) as in 
Introduction. It is known f FF4|, IfT], IF2] that the Li filtration of ¥""(9) restricts 
to the Li filtration of 3 (g) . Moreover we have 

(8) i?,(S) = C[9*f, 
and ([!]) gives the isomorphism 

(9) (^3(0))oo ^ gr3(0)- 

(Hence the vertex Poisson algebra structure of 3(g) is trivia^.) The isomorphisms 
dll) and dg imply |BDll IEF] that 

gr3(g) = C[(g7/G)oo]=qgLf-- 
For X £ ^PLg, let y^"(g) be the quotient of V'^"{q) by the ideal generated by 
z — x{z) for z S 3(g). Because 3(g) acts freely on V^'^"(g) jFG| . it follows from ([7]) 
and ^ that 

(10) =C[AA], grK,"-'(g)-C[A/-oo]. 

Furthermore, it was proved in jFGj that the vertex algebra V"^{q) is simple (thus 
in particular V^'^'(g) is simple as ag-module). 
Let 

be the unique element such that {z — xo{z); z £ 3(g)} is the argumentation ideal 
3(0)* of 3(g). We set 

and call it the restricted ajfine vertex algebra associated with g. As a g-module, 
Vres(0) is isomorphic to the irreducible highest weight representation with highest 
weight — /i^Aq. 

For fc e C and a F'^(g)-module Af, one can define the complex (C(M), d) of the 
BRST cohomology of the generalized quantized Drinfeld-Sokolov reduction associ- 
ated with (g,/) ( jKRWj l. We have C(M) = M(g)2?'='>(C")(8) A"^^*, where m = 
i dim g 1 , and /\~~^* is the Clifford vertex superalgebra of rank dim n. The complex 
{C{M),d) can be identified with Feigin's complex which defines the semi-infinite 
cohomology "2"+'(g>o[t, M(8)I?'^'^(C™)), where g>o[i, i~^]-module structure 
of r>'=''(C™) is described in §30. Let 

HJ^*{M) H'{C{M),d). 



^The vertex Poisson algebra structure considered in this article is different from the one in 

m 

[A2] V'^iC"^) is denoted by J""'=(x) 
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The W -algebra associated with (g, /) at level k is by definition 

W'=(0,/)=i/f+°(V'=(s)), 

which is naturaUy a vertex algebra because d is the zero mode of a odd field d{z) 
of C{V''{q)). We have [DSKl that, for any k, 

(11) i?wHfl,/) =C[S], 
and ([T]) gives the isomorphism 

(12) C[§oo] ^ grW'=(0,/), 
see [A6] . 

Let k = cri. For z £ 3(0), we have dz — 0, and the class of z belongs to the 
center Z{'W^"{g, /)) of W'(g, /). Hence the embedding 3(g) ^ V'^"{q) induces the 
vertex algebra homomorphism 3(g) Z{'W'^"{q, /)) C 'W'^"{q, /). 

Proposition 2.1. T/ie embedding 3(g) ^ ^'^'^'(fl) induces the embedding 3(g) ^ 
W-»(g,/). 

Proof. It is sufficient to show that it induces an injective homomorphism 
gr3(fl) E^^"^{3: f)- Under the identification (|6]) and (fTT|) . the induced map 
i?ycri(g) — >• i?-wcri(g j) is identified the restriction map C[g*]'' — )■ C[§], and hence 
is injective [Kosl IP1| . Therefore it induces the injective map {Rv'="{g))oo ^ 
(i?wcri(gj-))oo, which is identical to the map gr3(g) gr W^'''(g, /). □ 

By Proposition 12 . 1 1 wc can define the quotient W"'(g,/) of W'^''(g,/) for x G 
Opi'^J as in Introduction. Let 

Wres(0,/) = w^';;(g,/) 

and call it the restricted W -algebra associated with (g, /). It is a graded quotient 
of W^Kfl,/)- 

Remark 2.2. Let Zhu(Wres(0, /)) be the Ramond twisted Zhu algebra |DSK] of 
^108(0, /)■ Then from Proposition 12.31 below it follows that 

Zhu(Wrcs(0,/)) = [/(0,/)/Z(g)*C/(g,/), 

where Z{2)* is the argumentation ideal of Z(g). 

Set 5 = § n TV as in Introduction. By restricting ^ and (O , we obtain the 
isomorphisms 

(13) M X S ^ if + m^)nM, 

(14) x5oo ^ {{f + m^)nM)oo = (/ + m^)oonAAoo. 
Proposition 2.3. We have the following. 

(i) +'(F,es(g)) ^0 for 1^0 and ijf +"(Kes(g)) = W,es(0,/) as vertex 
algebras. 

(ii) W"'(g,/) is free ower 3(g). 

(iii) Rwr^^(sj) — as Poisson algebras and grWi.cs(0,/) — C[iStx)] as ver- 
tex Poisson algebras. 
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Proof, (i) Because Vics(0) is G-integrable, the vanishing assertion was already 
proved in [Ag]- Let rPT/™(fl) = (3(0)*)''F™(0). Then {TW'^{2)} defines a de- 
creasing fihration of V"^{q) as g- modules, and the freeness of V'^"{g) over 3(g) 
implies that 

g^r y"-i(0) ^ v;,,(g)®c3(0) 

as F'^'^'(0)(8)c3(0)-modules. The vanishing of HJ^ (K-cs(0)) implies that the spec- 
tral sequence associated with the filtration {TPV"^{q)} collapses at Ei = Eoo and 
that 

(15) gr^ H/+\v"\q)) = i?f+°(T/.e.(0))®c3(0)- 

as F'^'''(0)iS!)c3(0)-iiiodules. This proves the second assertion, (ii) follows from 
p5|). (iii) By (i), the Li filtration of Kcs(0) induces a filtration of Wres(0, /) = 
H^^ '^'^ {Vrcsis)) , which we temporary denote by {G'PWres(0, /)}■ By |A6[ Theorem 
4.4.3], (Uni) and ^ we obtain 

It remains to show that the filtration {G'^Wi.cs(0, /)} coincides with the Li filtration 
of Wi.cs(0, /)• But this can be seen as in the same manner as |A6[ Theorem 4.4.6]. 

□ 

Remark 2.4. By the vanishing result of [Gin) , the same argument proves the 
freeness of U{q, /) over Z{q). 

Proposition 2.5. Let A £ Opl^^ . Then H^^\V^"{g)) = for i ^ and 

H/^°{V^''{q)) = W^"(0,/). We have grW^"(0,/) = C[S„^] as vertex Poisson 
algebras. 

Proof. We have proved the assertion in the case that x = Xo in Proposition 
12.31 The general case follows from this by the following argument: Consider the 
conformal weight filtration of a vertex algebra V defined in ACM, 3.3.2], which 
we denote by {EpV}. Then gr^ Vx^id) is a g-module isomorphic to Vrcs(0) for any 
A 6 Op^''^. Hence Proposition 12.31 implies that 

(16) gr^i?f^'(K,"'(0)) = 



W„s(0,/) fori = 
for i ^ 0. 

This completes the proof. □ 

3. BRST cohomology of restricted Wakimoto modules 

Let'l) ^ t)OCK(SCD, the Cartan subalgebra of 0, I)* = f)*®C(5®CAo the 
dual of [), where S and Aq are the elements dual to D and K, respectively. Put 

For A £ f}*j.i, let F^^'^ be the restricted Wakimoto module [FFll IFlj^ with 
highest weight A. Set 



3ln [FT] F^«= is denoted by W^^. 
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The module Mg has a natural vertex algebra structure, and A/g = x>'^^{C^"^^) as 
vertex algebras. There is a vertex algebra homomorphisni ¥"^"{2) Afg, which 
induces the vertex algebra homomorphism 

(17) w : V^Ub) 

see [Fl| . The map oj is injective because T4cs(0) is simple. 

The fact that K-csCfl) is a vertex subalgebra of Afg implies that d{z) can be 
considered as a field on Afg. Hence HJ^ ^*(Afg) is also naturally a vertex alge- 

_|_Q 

bra. Thus applying the functor i/^.^ (?) to ((T7)) . we obtain the vertex algebra 
homomorphism 

L^W ■■ Wrcs(0, /) - i/7+°(T4es(0)) ^ HJ+\M^). 

Proposition 3.1. The vertex algebra homomorphism is injective. In fact it in- 
duces an injective homomorphism grWios(0, /) ^ gri?^^ ^"(Afg) of vertex Poisson 
algebras. 

In order to prove Proposition 13.11 we first describe the homomorphism 

OJ ■■ gr Vrcs(0) gr Afg 

induced by uj. Recall that gr ^08(0) = C[A/'oo] and -Ry„,(g) = C[A/], see ^(TUl . Let S 
be the set of Borel subalgebras in g, or the flag variety of 0. Denote by U be the 
big cell, i.e., the unique open iV-orbit in B, where N is the unipotent subgroup of 
G corresponding to n. Let T*B be the cotangent bundle of B, tt : T*B B the 
projection, 

C/ = 7r-i(C/). 

By construction [Flj we have 

(18) Rm,=C[U], grMg5^(i?Mjoo = C[[/oo], 
and the homomorphism 

may be identified with the restriction U ^ J\f oi the Springer resolution 

fi : T*B N. 

This in particular shows that w is also injective. Indeed, is injective 

because it is the composition of the isomorphism fj* : C[A/] A V{T*B, Ot'b), with 
the restriction map r(T*S, Ot'b) ^ ^{U,Ot*b) = C[U]. Hence it induces an 
injection iRvrcsis))°° ^ {Rm^)oo, and this is identical to u). 

Rema rk 3.2. Let be the sheaf of chira l differ ential operators |GMS2llMSVT 
IBD2j on B, which exists uniquely [GMSH lAGj . It is a sheaf of vertex algebras 
on B, and we have 

(19) iJpch - tt^Ot'B, grV^^ = inoo)*0(^T'BU, 

where -Rpd, and grV^ are the corresponding sheaves of Zhu's Poisson algebras 
respectively, and tToo : {T*B)oo — > S is the projection. We have 

(20) Vf{U) = Afg 
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as vertex algebras. The homomorphism (|17p lifts to a vertex algebra homomorphism 

(21) c^rcs : Kos(fl) ^r(B,Pg^), 
which is in fact an isomorphism |ACMj . 

Next we describe the vertex Poisson algebra structure of gr HJ^ ^^{Mg). Let 

the Slodowy variety. It is known [Gin] that 5 is a smooth, connected symplectic 
submanifold of T*B and the morphism : 5 — s- iS is a symplectic resolution 

of singularities. As explained in [Gin] . S can be also obtained by means of the 
Hamiltonian reduction: Let 

/i : T*B m* 

be the composition of T*B A- Af ^ g* with the restriction map g* — > m*. Then fl 
is the moment map for the M-action and the one point M-orbit / G m* is a regular 
value of fl. Let 

Then E is a reduced smooth connected submanifold of T*B, and the action map 
gives an isomorphism 

(22) MxcS^E, 
and we get that 

(23) S ^ E/Af. 
By (1^ , we obtain the jet scheme analogue 

(24) Moo X 5oo Eoo. 
Let 

V = sr\ij. 

Because U is M-stable, by restricting (1^^ and we obtain the isomorphisms 

(25) M xV ^T.r]U, 

(26) A/oo X ^Eoon?7oc = (Snl7)oo. 

Note that E n C/ is an open dense subset of E, and V is an open dense subset of S. 
Proposition 3.3. We have Hj'^\Mg) ^ for i ^ 0, R^^+o^^^ ^ = C[V] and 

grijf+"(A/,)-C[14o]. 

Proof. By [A21 3.7], the differential d decomposes as d = d"** + d^ with 
((i**)2 = ((i^)2 = {ii^*,dx| = 0. It follows that there is a spectral sequence E,. =^ 
H^~^°{Mg) such that do = d"^ and di = d^. By fAH Remark 3.7.1] we have 

(27) H'{C{Mg),d'') - H^+'{LQyo,Mg(^S{g,/2[t-']t-')), 

where Lq^q = Q[t,t~^] and S{Qi/2[t~^]t~^) is considered as a Lg>o-module through 
the identification S'(fli/2[t~^]t"^) = ?7(L0>o)/C/(.Lfl>o)(i0>i+0i/2M)- Here, Lq>i = 
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Because Mg is free over n[t ^ and cofree over n[t] by construction, it follows 
by [Vorl Theorem 2.1] that H^+HLgyo, Mg(E)S{Qi/2[t^'^]t~'^)) = for i ^ 0. Hence 
the spectral sequence collapses at Ei = Eoo and we get that 



(28) hJ+\M,)^ 



H°{C{Mg),d''*) fori = 0, 
for i ^ 0. 



This proves the first assertion. 

Let gr C(Mg) be the associated graded complex of C(Afg) with respect to the 
Li mtration of C(Mg). Then as in [Agl Theorem 4.3.3] we find that 



(29) iJ'(grC(M,)) 



(gr Mjloo gr MJA^- - C[Voo] {i = 0) 

By (pS)) . ([25]) and |A6[ Proposition 4.4.3], the spectral sequence associated with the 
Li filtration of C(Mg) converges to (Mg). Hence we have gr^ Hf (Mg) = 

C[Voo], where gr"^ H j' (Mg) is the associated graded vertex algebra with respect 
to the filtration {KPHj^°{Mg)} induced by the Li filtration of C(Mb). As in 
the proof of Proposition 12.31 we see that {KPH/ (Mg)} coincides wit the Li 

— +0 

fihration of (Mg). This proves the last assertion, which restricts to the 

second assertion. 

□ 

Proof of Proposition 13.11 Let : V S* be the restriction of the reso- 
lution fi^g : iS — > 5. By Propositions 12.31 and 13. 3[ 

(30) fi^y : C[S] ^ C[V] 

can be identified with the homomorphism Rwrasia-f ) ^ induced by the 

vertex algebra homomorphism ww : Wi.cs(0, /) -ff/ ^"(Mg). Thus, by Propo- 
sitions 12.31 and 13. 3[ it is sufficient to show that (15(11) is injective. But (1501) is the 
composition of fi* : C[S] ^ r{S,Og) with the restriction map T{S,Og) — > C[V]. 
Hence it is injective as required. □ 

4. Proof of Theorems [iTT] and 1TT21 

For A G let M;^ be the Verma module with highest weight A, its 
contragredient dual. 

Proposition 4.1. Suppose that H/^\MI) =Oforij^O. Then H^~^°{Ml) is a 
cocyclic 'W''{q, f) -module with the cocyclic vector v'^, where is the image of the 
cocyclic vector o/M^. 

Proof (outline). By the argument of [All §6], |A21 §7], |A3[ §7], we can 
construct a subcomplex C" of C(M^) with the following properties: 

(i) i?'(C") =0 fori ^0; 

(ii) C" is a W'^(g, /)-submodule of C(M^) containing v^, and moreover, 
H^{C') is a cocycolic W'^(0, /)-module with the cocyclic vector w^: 

(iii) The character of H'^{C') coincides with the character of Hf? ^"^(M^). 
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Because H^{C') is cocyclic the above property (iii) forces that the map H'^{C') — ?> 
Hj {Ml) is an injection. But H^{C') and Hj {Ml) have the same character. 
Therefore it must be an isomorphism. □ 

Let A_|_ be the set of positive roots of q, W the Weyl group of g, p = X]aeA+ "^/^j 
— X]qgA+ Q;^/2- Denote by /V_^ the set of positive real roots of g. The set A+ 

is naturahy considered as a subset of A^jf . Let W = W t< P"^ the extended affine 
Weyl group of g, where C f) is the set of coweights of g. We denote by the 
element of W corresponding /i G P^. Set 

P^ = {A e ^)l:X{a'') e Z>o for all a e A+}. 

Proposition 4.2. Suppose that k + h^ <^ Q>o- Then, for A G P^ , Ml is free over 
n[t-^]t-\ 

Proof. By the assumption 

(31) {X + p,a'')^N for a e A^ such that a e -A+, 

where p = p + h^Ao, Hence (A + p,a'') ^ N for aU a S Aljf n t_„pv(-A7), 
71 S N. By [All Theorem 3.1], this implies that Ma is cofree over the subalgebra 

5q ^ ^-M*; or equivalently, is free over Qa C 

aeA-^'nt_^^v (-a;=) ae(-A;=)nt„pV (a;=) 

n[i~^]t~"'^. Here Qa is the root space of g of root a. Now we have n[f~"'^]t~^ = 
lim Qa. Therefore is free over n[i^^]i^^ as required. □ 

" a6-A;=nt„pv(A!;=) 

Remark 4.3. Proposition [12] implies that with A G P,l, k + h"^ ^ Q>o, is 

isomorphic to the Wakimoto module Fa with highest weight A, see the proof of 
Proposition 14.61 

Proposition 4.4. Suppose that k + ^ (Q>o and let A G P^ . Then we have 
Hf^\Ml) ^ for i ^ and H/^°{Ml) is cocyclic ^^^{q J) -module with the 
cocyclic vector v^. 

Proof. is cofree over n[t] by definition, and is free over n[t~^]t~^ by Propo- 
sition lT^ Hence one can apply the proof of Proposition l3 . 31 to obtain the vanishing 
assertion. The rest follows from Proposition 14. II □ 

Now let k — cri. For A G l)*^^, let M^^"*' be the restricted Verma module jFF2l 
lAF) with highest weight A, (M^'^'')* its contragredient dual. The module M^^'''' is 
defined as follows: Let . . . be a set of homogeneous generators of 3(g) as 
a differential algebra (which is the same as a commutative vertex algebra), so that 
i?3(5) = C[p(i), . . . where is the image of in i?3(j) = C[g*]"^. Let 

Y{pi,z) = X^nezP"^-^"""^' Held corresponding to where A; is the 

degree of the polynomial p^'^ . Then 

Z± = C[pll^-i = l,...,l,±n>0] 

can be regarded as a polynomial ring, which acts on any y^'''(g)-module. According 
to Feigin and Frenkel [FF21 IF2| , Z_ acts on Ma freely. By definition, 

Mr = Ma/Z1Ma, 
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where Z*_ is the argumentation ideal of Z- . Dually, 

(Mr)* = {meMl;Z> = 0}, 
where ZZ_ is the argumentation ideal of 

Proposition 4.5. Let A G P^^j. 

(i) The embedding {M^^"")* ^ Ml induces an embedding Hf^^^iMf"")*) ^ 

(ii) The W'^'''(0, f)-module HJ' ^'^ {(Ml^^^)*) is a cocyclic with the cocyclic vec- 
tor v^. 

Proof. (1) Let r°Ml = 0, T^M^ = {m e M^; (Z* )Pm = 0} for p>l. Then 
{r^M^} defines an increasing filtration of as a g-module, and the freeness of 
Ma over Z_ implies that 

gv^Ml = {MTr®D{Z+), 

as l^'^(0)c><)Z+-modules, where D{Z+) is the restricted dual of Z+. 

Now (M^j'^'')* is free over n[t^^]t^^ and cofree over n[t] by Proposition l4.6l Thus 

we see as in the proof of Proposition [33] that i7^"^'((M^°")*) = for i ^ 0. This 
shows that the spectral sequence corresponding to the filtration F^'M^ collapses at 

El = Eryo and we get that 

gr^ Hj^\m\) = i/f +°((Mr)*)®i?(^+). 

In particular, 

H/^°{{M'^y) ^ r^H/^°(Ml) = {c e Hf^°{Ml); Z^c = 0}. 
This proves (1). (2) follows from (1) and Proposition 14.41 □ 

Proposition 4.6. For X G Pi^.^, the restricted Wakimoto module F'^^^ is isomorphic 
to (M^^'^")*. 

Proof. By [ACMi 6.2.2], F^^^** is cocychc with the cocychc vector |A), where 
|A) is the highest weight vector. Hence its contragredient dual (F^°^)* is cyclic, 
and the natural g-module homomorphism Ma (F™'')* is surjective. Because Z- 
acts trivially on (F^^^'')*, this factors though the surjective homomorphism M^^'^'^ ^■ 
j-pros-j*^ Since (F'^°'')* and M.'^-^^ are the same character, it must be an isomorphism. 
By duality, this proves the assertion. □ 

Proof of Theorem 11.21 We have already shown the assertion on the asso- 
ciated graded vertex Poisson algebras in Proposition 12.51 It remains to prove the 
simplicity. 

First, let x = Xo- By Propositions 13.11 and 14. 6[ "VV 103(5,/) is a submodule of 
Hf^°{{Ml''^fj^J*). On the other hand, H/^° {(Ml^^fj^J*) is cocyclic by Propo- 
sition and the image of the vacuum vector 1 of "WrcsiQi f) equals to the co- 
cyclic vector of Hj? ((MJJ^f^^)*) up to nonzero constant multiplication. Hence 
Wrosls, /) is also cocyclic, with the cocyclic vector 1. Therefore Wi-os(fl, /) must be 
simple. 

Next, let X be arbitrary. Let {i?pW"'(g, /)} be the conformal filtration of 
W™(b, /) as in the proof of Proposition O Then (HH) shows that gr^ W^"(0, /) = 



12 



TOMOYUKI ARAKAWA 



Wics(0, /) as W^"{q, /)-modules, which is simple. Therefore W"'(g, /) is also sira- 
ple. This completes the proof. □ 

Proof of Theorem 11.11 The first assertion follows immediately from Propo- 
sition 12.11 and Theorem 11.21 The freeness assertion has been proved in Proposition 
[231 □ 
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